Generation of particular polarization states of light, encoding information in polarization degree of freedom, and efficient measurement of unknown polarization are the key tasks of many applications in optical metrology, optical communications, polarizationsensitive imaging, and photonic information processing. Liquid crystal devices have proved to be indispensable for these tasks, though their limited precision and the requirement of a custom design impose a limit of practical applicability. Here we report fast preparation and detection of polarization states with unprecedented accuracy using common twisted nematic liquid-crystal displays. To verify the performance of the device we use it to prepare dozens of polarization states with average fidelity 0.999(1) and average angle deviation 0.5(3) deg. Using four-projection minimum tomography as well as six-projection Pauli measurement, we measure polarization states employing the reported device with the average fidelity of 0.997(1). Polarization measurement data are processed by the maximum likelihood method to reach a valid estimate of the polarization state. In addition to the application in classical polarimetry, we also employ the reported liquid-crystal device for full tomographic characterization of a three-mode Greenberger-Horne-Zeilinger entangled state produced by a photonic quantum processor.
Introduction
Direction, phase, and coherence of electromagnetic wave oscillation, i.e. its polarization state, represents an important parameter determining interaction of light and matter. Light reflection and scattering is fundamanetally affected by incident polarization [1] . Manipulating the state of polarization can significantly improve optical resolution [2] and visualization of anisotropic structures in biomedical imaging [3, 4] . Polarization modulation enhances information capacity in optical communication [5] and represents a building block of quantum communication and quantum information processing [6, 7] . Precise generation and detection of the polarization state represent the crucial tasks in a vast number of applications. Electrically tunable birefringent elements like liquid crystals, Pockels cells, and integrated electrooptical modulators are often employed to control polarization in such applications. Pockels cells offer high speed operation and acceptable extinction ratio, but their application is rather cumbersome due to their size and necessity of high-voltage driving. Pockels based polarization modulators were successfully applied in optical switches [8] and loop-based photonic routing where high transmittance is of paramount importance [9] [10] [11] . Integrated devices achieve even wider bandwidth enabling ultra fast polarimetry [12] . They possess significant losses and their calibration might be challenging, though, mainly due to unavoidable waveguide coupling. Liquid crystals allow low-loss free-space polarization addressing using low-voltage control signals. Their operation is faster than mechanically manipulated birefringent elements, which has proven beneficial in polarimetry [13] [14] [15] [16] and spectrometry [17, 18] . Liquid crystals devices have also been successfully employed in polarization and phase modulation [19] [20] [21] [22] [23] [24] [25] and switching [26, 27] .
In a vast majority of the polarimetric applications reported so far, nematic liquid crystals are used in custom devices acting as variable retarders [13, 14, 19, 21, 25] . Incompatibility of these devices with the common twisted nematic liquid crystal (TNLC) configuration widely utilized in display technology makes their broad application difficult. Another complication stems from the fact, that additional wave plates or birefringent compensators are often utilized to change the overall polarization transformation. Peinado et al. reported a polarimeter using a single twisted nematic element with optional tilting and retroreflecting [16] . The device was optimized to project an unknown polarization state to four polarization projections symmetrically placed on the Bloch sphere (Poincaré sphere), i.e. the vertices of a regular tetrahedron inscribed into the sphere. This minimum information measurement, also termed the minimum tomography [28, 29] , was shown to be efficient but prone to noise and measurement errors [30] [31] [32] [33] [34] . Furthermore, a TNLC device applies a complex combination of rotation and retardation to incident polarization state, and the exact theoretical description of the device operation and its calibration remains a significant challenge [35] [36] [37] .
Here we present a TNLC device based on a commercially available TNLC display with minimum modifications. Virtually any TNLC display can be used provided that it exhibits sufficient birefringence at the operation wavelength. We demonstrate the calibration of the device, its precision, time response, stability, and versatility. The calibration stage is boosted by a genetic algorithm and other possible improvements are also discussed. We prepare more than a hundred polarization states covering uniformly the Bloch sphere with average fidelity 0.999(1) including six eigenstates of Pauli operators and four states needed for the minimum tomography. Also, we show depolarized state preparation with degree of polarization 0.03 (1) . We verify the precise polarization state characterization using the reported TNLC device and the maximum likelihood iterative algorithm. Two polarimetric techniques are experimentally demonstrated and optimized, namely the four-projection minimum tomography and a six-projection tomography based on eigenstates of Pauli operators. Furthermore, the device is employed in full quantum tomography of three-qubit Greenberger-Horne-Zeilinger entangled state produced by photonic quantum Toffoli gate.
Materials and methods
The presented polarimetric device consists of three commercially available TNLC displays. The selected display, LCD-S101D14TR manufactured by Lumex company, is 33×50 mm reflective TNLC module with 7 segments. Protective films, polarizing sheets, and also other auxiliary layers are removed from the displays prior the assembly of the polarimetric device. The cleaned TNLC glass cells are aligned and mounted on printed circuit board stack together with a simple driver consisting of a microcontroller, digital-to-analog converter, and a voltage amplifier. The voltage is switched between positive and negative values with the repetition frequency of 1 kHz. The produced square waveform with zero DC component is applied to the central segment, denoted G in Fig. 1(a) , and the common back electrode (COM) of the TNLC cell. The schematic layout and the photo of the resulting device is shown in Fig. 1(b,c) . The central segment has a clear aperture of at least 15×4.5 mm, which is perfectly sufficient for collimated optical beams with mode field diameter up to 2.5 mm. The device can potentially address the polarization state of several paralel optical beams aranged in a line or a matrix in complex quantum information processing circuits [38] [39] [40] .
We tested several other configurations such as two identical TNLC cells, two mutually rotated cells, and two cells and fixed half-wave plate in between. For the particular selected display, the optimum configuration with three identical TNLC cells allows to prepare and measure an arbitrary polarization state and yields the maximum clear aperture. We also tested different commercially available TNLC displays with similar results. Theoretical model of TNLC device is required to predict the output polarization for particular control voltages applied. More important, we need the inverse of the model to estimate proper control voltages that yield the target polarization transformation. Let us start with the basic notation and definitions. Pure polarization state of light can be described by a Jones vector J. We often use bra-ket notation of quantum mechanics, denoting the state by a ket vektor |J = (cos θ 2 , e iφ sin θ 2 ) T = cos θ 2 |H + e iφ sin θ 2 |V , where |H and |V are orthonormal basis states (horizontal and vertical polarizations), θ and φ represent spherical coordinates of the state on the Bloch sphere, and T stands for vector transposition. Partially polarized state is represented by a density matrix ρ = λ p λ |J λ J λ | composed of incoherent mixture of pure states with a probability distribution p λ . Any polarization density matrix can be expanded using the identity I and the Pauli matrices,
is the Stokes vector. The Stokes parameters s j represent Cartesian coordinates of the point within the Bloch sphere that corresponds to a given partially polarized state. Eigenstates of the Pauli matrices form the mutual unbiased bases {|H , |V }, {|D , | A }, and {|R , |L }, where D/A stand for diagonal and anti-diagonal polarizations and R/L denote right-handed nad left-handed circular polarizations. The similarity of two polarization states ρ 1 and ρ 2 is evaluated as their fidelity
We also utilize the angle deviation defined as ϑ = 1 2 arccos u·v |u | |v | to quantify an angular distance between the states represented by their Stokes vectors u and v. Polarization device transforms an input polarization state to the output state, ρ out = M ρ in M † , where † stands for Hermitian conjugation. The transformation matrix M of an ideal TNLC cell can be derived using a sequence of wave plates with a phase retardation and an azimuth angle [41] ,
where χ = ϕ 2 + δ 2 , ϕ is the twist angle, α is the rotation angle, and δ represents the phase delay dependent on the applied voltage V. The phase delay, also termed as retardance, is virtually constant up to a threshold voltage, and decreasing for larger voltages. The retardance is usually approximated using an arctan function [42] or a (quasi)linear region of the curve is used for a polarimetry [43] . We propose to model the retardance using a logistic function,
where a, b, c, d, and e are constants and V is the voltage applied on the TNLC cell. This heuristic dependence fits reasonably well to the experimentally inferred retardance, see Fig. 1(d) . The seven independent parameters of the TNLC model (1)-(3) can be determined by least square fitting procedure using data consisting of dozens of polarization states pairs {ρ in , ρ out } for several applied voltages. The action of the whole TNLC device consisting of three TNLC cells is described by a sequential application of three transformation matrices (1) with different control voltages. The precision of the model can be further improved by considering edge effects in the vicinity of aligning layers [35] [36] [37] and taking other imperfections into account, such as multiple reflections, depolarization effects, and thickness inhomogeneity. Unfortunately, the predictive power of the model is limited and the estimated output polarization state can easily have a non-negligible error. Also, it is virtually impossible to invert the model to compute the voltages needed for preparation of the given polarization state. As we aim for highly accurate polarimetric device, we take a different route to calibration of the developed device. We rely on a quorum of polarization projections sufficient for a tomographic measurement. Consequently, we focus on the effective way how to prepare a particular set of projection states. A generic polarization measurement is described using positive-operator valued measure (POVM) consisting of Hermitian positive semidefinite matrices Π n that sum to the identity matrix, n max n=1 Π n = I. The probability of n-th measurement output is p n = Tr [ρΠ n ], where ρ is the measured polarization state. When measurement is repeated M times and the particular output is found M n times, the relative frequency of the output is f n = M n /M and lim M→∞ f n = p n . The projective measurement represents a particular case of POVM where Π n = |J n J n |. Four projection states symmetrically placed on the Bloch sphere are sufficient for polarimetric characterization of a single mode of light [28, 29] . We often use an overdetermined set of projections, such as eigenstates of the Pauli matrices (H,V,D,A,R,L polarizations) [44] to simplify the subsequent analysis and improve its accuracy [30] [31] [32] 34] . The simplest way of obtaining a full reconstruction of polarization state from the six-state tomography assumes p n = f n and requires solving these six linear equations for three Stokes parameters, which results in s 1 = 2 f H − 1 etc. The direct inverse, however, might yield a Stokes vector that does not correspond to any physically sound polarization state. Statistical approaches like maximum likelihood method are employed to keep the retrieved state normalized and positive semidefinite [44] [45] [46] [47] . Also polarization transformations can be tomographically reconstructed using maximum likelihood principle [46, 48, 49] . In the rest of the paper we use the iterative method of Jezek et al. [46] to find the most likely polarization state based on the relative frequencies measured. The process starts with an initial iteration ρ (0) = I/2 chosen to be of the maximum rank. The i-th iteration reads
,
The process is terminated when a distance of two subsequent iterations is small enough, Tr ρ (i+1) − ρ (i) 2 < ε. The iterative process converges and the resulting estimate ρ does not depend on the particular form of the initial ρ (0) for a measurement containing a higher number of independent projections than the number of unique parameters of the estimated state (e.g. three Stokes parameters in the case of a single mode polarization state). POVM elements {Π n } n max n=1 are obtained during a calibration stage as density matrices of the states prepared by the TNLC device measured by a reference polarimeter.
Calibration of the TNLC device
We aim for the universal device able to prepare an arbitrary polarization state. The calibration of the TNLC device consists in finding control voltages for which the device transforms the input horizontal polarization to the particular target state. The first step of the calibration is performed numerically using the TNLC device model with seven parameters characterized in the preliminary stage by least-square fitting. We searched for the maximum fidelity of the output state with the target state selected from the set of H, V, D, A, R, and L polarizations using random sampling. We implemented a genetic algorithm to speed up the process [50] . The initial population is created as three-element random-voltage vectors and the corresponding output polarization states. A fitness function is selected to be the fidelity of the output state and the target state. From this zero generation, we choose states with the best fidelity and crossover them to produce "child" states, which replaces the worst fidelity states. As a crossover method, we chose arithmetic mean of the corresponding voltages. A small mutation is also applied on randomly chosen voltage component. These steps are repeated until the best fidelity reaches 0.999. Further speedup might be obtained using black box optimization methods [51] .
To check the fidelity of actually prepared polarization states we set up the experiment depicted in Fig. 2(a) . The initial horizontally polarized laser light (810 nm) prepared using a polarizing beam splitter passes the TNLC device. The output polarization state is analyzed using a conventional polarimeter consisting of half-wave plate, quarter-wave plate, polarizing beam splitter, and intensity detector. Both polarizing beam splitters are horizontally oriented (H state is transmitted) and the wave plates are mounted in motorized rotation stages (Newport PR50CC) with the angular speed of 20 deg/s and typical bi-directional repeatability ±30 mdeg. This reference polarimeter performs six individual polarization projections to H,V,D,A,R,L states with POVM elements Π 1 = |H H|,
n=1 are acquired and the density matrix of the analyzed polarization state is estimated using maximum likelihood method (4) . Subsequently, the Stokes parameters of the state are computed and its purity and fidelity with the target state are evaluated.
Polarization states preparation based only on the numerical calibration do not reach sufficently high fidelity due to the imperfections of the theoretical model, as we discussed in the previous section. Therefore, it is necessary to search for the exact values of the voltages in the experiment using the actual TNLC device. In this experimental calibration we set the H projection in the reference polarimeter and repeat the random sampling search of the optimum voltages of the TNLC device. The initial voltage guess comes from the numerical calibration and the fitness function is the intensity reading of the detector. Here, the searching is repeated until the fitness changes less than one part per thousand, which is roughly order of magnitude larger then uncertainty of the intensity measurement. Further sampling would slightly improve the precision at the expense of longer time needed for the calibration. It is important to stress here that the numerical calibration can be omitted completely and the initial voltage guess for the hardware calibration can be set randomly. In that case, the searching may take longer time but we do not need a theoretical model of the device. Then the same procedure is repeated for V,D,A,R,L states. Finally, the optimum voltages are set and the full tomographic characterization is performed for all six states using the reference polarimeter. The Stokes parameters of the prepared states are shown in Table 1 . We have achieved the average purity 0.9999 (1) We used the same calibration technique also for other sets of states, namely four states symmetrically placed on the Bloch sphere and 120 states covering uniformly the sphere. The preparation of four states sitting in the vertices of a regular tetrahedron inscribed into the sphere is necessary for operating the TNLC device in the minimum tomography regime. We searched for the states that maximize the tetrahedron volume and reached the ratio of the measured volume to the volume of the regular tetrahedron V tet = 0.977 V ideal . The calibration of 120 states is performed as a demonstration that the presented device can prepare an arbitrary polarization state. The target states and the corresponding prepared states are shown in Fig.3(a) in the Hammer map projection [52] . We achieved the average purity 0.999 (2) , the average fidelity 0.999 (1) , and the average angle deviation 0.5(3) deg. In addition to the pure polarization states, it is also beneficial to be able to prepare partially mixed states, i.e. states with arbitrary degree of polarization DoP = 3 j=1 s 2 j . Depolarization can be achieved by ensemble averaging a polarization state in spatial, frequency or time domain [22] . Often the maximally depolarized state is prepared and then superimposed to a pure state to form a source with continuously tunable DoP. To demonstrate the quality of our TNLC device we prepared the maximally depolarized state. We cycle through the polarization states H, V, D, A, R, and L during the measurement time. The resulting state possesses the purity 0.5004(3) and the DoP 0.03 (1) .
The reported TNLC device is made from thick TNLC cells and is not optimized with respect to its speed. However, to present the full characterization of the device we performed a measurement of its time response, for which we used the setup shown in Fig. 2(b) . We connected a fast analog-to-digital converter to the detector output and measured the time necessary for switching the TNLC device from an initial projection to a final projection selected from the set of H, V, D, A, R, and L polarizations. To reach the high precision, the transition time is defined as a time when the measured intensity changes less than 2% of the final value (0% to 98% transition time). The results are shown in Table 2 . The particular transitions, such as H→V, are rather fast and suitable for rapid polarization switching but there are transitions exceeding 1 s, e.g. H→R. Specially designed nematic liquid crystal retarders and switches typically specify faster switching, particularly those with thinner liquid crystal layer and a single polarization transition. The response time, however, is often specified as 10% to 90% or even 20% to 80% transition, which is not sufficient for precise settling of the induced polarization transformation in polarimetry. The time response of the presented TNLC device can be improved using several constituent TNLC cells with thinner liquid crystal layer optimally oriented to cover all target polarization states and, simultaneously, keep a short transition time between these states. The response can be optimized even further employing over-drive and undershoot methods. Such speed optimization, however, would make the device, its driving, and the calibration more complicated.
The developed TNLC device can be used for polarimetric measurements in various tomographic schemes, such as four-state and six-state protocols. The common feauture of the tomographic measurements is the cycling between individual constituent projections. The ordering of the projections in the tomographic measurement does not affect the result of the measurement but influences its duration [53] . Based on the transition time characterization ( select the optimum sequence ordering of six-state protocol, which is H, V, R, D, A, L, and back to H to prepare the device for another tomography cycle. The transitions of the optimum sequence take 2.7 s. This can be compared with the reference polarimeter using 20deg/s rotation mounts; the optimum sequence reads H, L, A, R, V, D, and back to H, and takes 12.9 s, which is five times slower than using the TNLC device. Using the optimum sequence ordering of polarimetric projections can significantly speed up the whole measurement process, especially for multi-mode analysis or quantum circuits with more qubits [53] . Alternatively, all projections can be measured at the same time [29, 54] at the expense of a number of detectors and complexity of the experimental setup, particularly for single-photon level signals.
Polarization tomography using the TNLC device
Sets of generated polarization states characterized during the calibration stage, namely {ρ H , ρ V , ρ D , ρ A , ρ R , ρ L } and {ρ 1 , ρ 2 , ρ 3 , ρ 4 }, are very close to the ideal six-state and four-state projective POVMs, respectively. When the direction of light is reversed, an arbitrary polarization state can be analysed using the calibrated TNLC device and the horizontally oriented polarizing beam splitter, as shown in Fig. 2(b) . POVM elements {Π n } n max n=1 of such TNLC polarimeter are set to be
The sample states for the TNLC polarimeter testing were generated with a preparation stage consisting of a laser source, horizontally oriented polarizing beam splitter, quarter-wave plate, and half-wave plate in motorized rotation mounts. Six polarization states (H,V,D,A,R,L) were prepared and each of them was independently measured by three different polarimetric protocols: the TNLC device in six-state configuration, the TNLC device in four-state configuration, and the reference wave-plate based polarimeter (not shown in Fig. 2(b) ). The resulting fidelities and angle deviations averaged over the six sample states are summarized in Table 3 . The individual sample states analyzed using the developed TNLC device with the six-state tomography and the four-state tomography are visualized in Fig. 3(b) . The six-state tomography outperforms consistently the four-state minimum tomography. Its only drawback is a longer execution time.
Furthermore, we aplied the reported TNLC device in quantum tomography and multiqubit photonic entanglement characterization. The TNLC device was calibrated in six-state configuration using the strong laser signal as desribed in Sec. 3. The device was then placed as an analyzer at the output of a three-qubit linear optical controlled-Z gate ( [38, [55] [56] [57] . The Toffoli gate is a crucial part of many quantum information processing schemes [55] . The photonic circuit of the gate and its characterization were presented in detail elsewhere [39] . The gate can produce quantum entangled states such as tripartite Greenberger-Horne-Zeilinger (GHZ) state [58, 59] . We used the circuit to prepare the GHZ state (|HHD + |VV A ) / √ 2 and performed its full tomographic characterization using the TNLC device. The resulting density matrix of three-mode polarization state is shown in Fig. 4(a,b) . The fidelity of the measured state and the ideal GHZ state is 0.936. For comparison, we characterized the state also using a common wave-plate based polarimetry and obtained the same value of the fidelity; the resulting density matrix is shown in Fig. 4(c,d) . The fidelity of the retrieved GHZ states measured using the TNLC device and the wave-plate polarimeter reaches 0.971. The small resulting discrepancy is caused by a limited repeatability of the experimental setup, which has to be slightly readjusted after the analyser is replaced.
Conclusion
We have presented a polarimetric device assembled from a commercially available TNLC segment display with minimal modifications. Three pieces of the particular display are employed but we tested also different displays and their configurations. We have demonstrated an universal method of the TNLC device calibration utilizing a genetic algorithm. Various sets of polarization states have been prepared using the TNLC device and characterized with a reference polarimeter with the average fidelity exceeding 0.999 (1) . Particularly, we have demonstrated highly accurate generation of four states forming the vertices of a regular tetrahedron inscribed into the Bloch sphere, six eigenstates of Pauli operators, i.e. horizontal, vertical, diagonal, anti-diagonal, right-handed and left-handed circular polarizations, and 120 states uniformly distributed on the Bloch Sphere. We have generated also a completely depolarized state with the purity 0.5004 (3) and degree of polarization 0.03 (1) . Using the presented calibration procedure we can generate an arbitrary state of polarization.
Furthermore, we have employed the reported TNLC device as a polarimeter and demonstrated accurate measurement of polarization of light. Physically sound density matrix of the polarization state is retrieved using the maximum likelihood iterative algorithm. We have tested two tomographic schemes, namely four-projection minimum tomography and overdetermined sixprojection scheme based on eigenstates of the Pauli matrices. We have characterized and optimized the precision and speed of the developed polarimeter. The TNLC device has been succesfully used also for polarimetry of faint optical signals at the single-photon level. Particularly, we have performed the full quantum tomography of three-qubit Greenberger-Horne-Zeilinger entangled state produced by photonic quantum Toffoli gate. The results agree with those obtained using a common wave-plate polarimetry.
To conclude, we have demonstrated the calibration and application in polarimetry of virtually arbitrary liquid crystal segment display. Together with the presented efficient data processing algorithms, this allows for highly accurate preparation and mesurement of an arbitrary polarization state of light using low-voltage driving and no moving parts. The approach is fully scalable to many optical modes at the single photon level. The reported TNLC device can find applications in a wide range of fields such as polarization sensitive biomedical imaging or photonic quantum information processing.
The complete technical documentation of the presented TNLC device will be published on GitHub [60] .
